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Abstract 

We study Hamiltonian spaces associated with pairs (E,A), where E is a Courant alge- 
broid and A C E is a Dirac structure. These spaces arc defined in terms of morphisms of 
Courant algebroids with suitable compatibility conditions. Several of their properties are 
discussed, including a reduction procedure. This set-up encompasses familiar moment map 
theories, such as group- valued moment maps, and it provides an intrinsic approach from 
which different geometrical descriptions of moment maps can be naturally derived. As an 
application, we discuss the relationship between quasi-Poisson and presymplectic groupoids. 
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1 Introduction 

In this paper, we study Hamiltonian spaces naturally associated with Manin pairs, i.e. pairs 
(E, A), where E is a Courant algebroid, and A C E is a Dirac structure. As we will see, 
these objects retain many of the features of ordinary Hamiltonian spaces, including a reduction 
procedure, and several moment map theories can be expressed in these terms. 
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Our main motivation to consider this general set-up comes from the theory of Hamiltonian 
spaces with group- valued moment maps (as in [T7] and [31 H]) or, more generally, of moment maps 
with values in homogeneous spaces D/G. There are two geometrical formulations of D/G- valued 
moment maps: The original one of Alekseev and Kosmann-Schwarzbach [2] is given in terms of 
quasi-Poisson actions, whereas [8] presents an alternative approach based on morphisms of Dirac 
manifolds. (In the special case of G-valued moment maps, these two distinct viewpoints can be 
found in [3] and [2], respectively.) Both approaches originate from a common starting point, 
namely a Manin pair, but each one requires an additional, noncanonical piece of information; 
depending on this extra choice, Hamiltonian spaces are either described in terms of quasi-Poisson 
or twisted Dirac structures. As proven in [H Sec. 6], these two viewpoints, despite resorting to 
different geometrical structures, produce isomorphic categories of Hamiltonian spaces, regardless 
of any of the extra data used. This raises the question of whether there is an intrinsic notion 
of Hamiltonian space associated with a Manin pair, requiring no extra data at all, that would 
naturally recover the formulations in [2] and [8] once suitable additional choices are made. The 
main goal of this paper is to present such intrinsic notion and to study its properties, showing 
that it offers a clear conceptual explanation for the equivalence between the quasi-Poisson and 
Dirac geometric approaches to moment maps. 

We organize the paper as follows. We review the basics of Courant algebroids and Dirac 
structures [16] in Section [2J including Dirac structures supported on a submanifold and Courant 
algebroid morphisms [5] , and we introduce the notion of morphism of Manin pairs, which plays 
a central role in this paper. In Section [3J we define Hamiltonian spaces associated with Manin 
pairs (E, A) over a manifold S; these objects are special examples of morphisms of Manin pairs. 
More explicitly, Hamiltonian spaces are triples (X, J, K), where X is a manifold, J : X — ► S is a 
smooth map (the moment map), and K is a Dirac structure on the product Courant algebroid 
(TX (BT*X) x E with support on graph( J) C X xS, satisfying suitable compatibility conditions. 
We focus on two possible scenarios: when E = A © A* is the double of a Lie quasi-bialgebroid 
|21j . then the Hamiltonian spaces for (E, A) can be naturally identified with Hamiltonian quasi- 
Poisson spaces (in the sense of [H]); on the other hand, when E = TS © T*S is a Courant 
algebroid defined by a closed 3-form on S [26], then A C TS © T* S is a Dirac structure on S, 
and the Hamiltonian spaces for (E, A) are identified with Hamiltonian spaces defined by strong 
Dirac maps into S (as considered in [H [8] ) . Combining these two possible "incarnations" of 
the intrinsic Hamiltonian spaces for (E,A), we arrive at a functorial correspondence between 
moment maps in quasi-Poisson and Dirac geometries, which gives a new, more general viewpoint 
to the results in [8j Sec. 6.2] (as well as [U Sec. 5.4] and [3 Sec. 3.5]). We also discuss Poisson 
spaces obtained via reduction of Hamiltonian spaces for {E,A), showing that they agree with 
quasi-Poisson and Dirac reductions in specific situations. Finally, in Section [2J we apply the 
correspondence between Hamiltonian spaces in quasi-Poisson and Dirac geometries to find an 
explicit construction relating presymplectic groupoids [10] and quasi-Poisson groupoids |14j . 
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eree for their comments. We acknowledge the financial support of CNPq (H.B.), MEC Research 
Contract "Juan de la Cierva", grant MTM2007-62478 (D.I.P.) and the Swiss National Science 
Fundation (P.S.). We also thank several institutions for hosting us while this work was be- 
ing done, including IMPA (D.I. P.), University of La Laguna (H.B. and D.I.P.) and the Erwin 
Schrodinger Institute. 
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2 Preliminaries 



2.1 Courant algebroids and Manin pairs 

A Courant algebroid [16j over a manifold S is a vector bundle E — > 5 equipped with a 
nondegenerate symmetric bilinear form (•, •) on the bundle, a bundle map p : i? — ► T«S and a 
bilinear bracket [•,•] on F(E) such that Ve,ei,e2,e3 £ T(£'), / S C°°(S), the following holds: 

cl) [e a , [e 2) e 3 ]] = [[e a , e 2 J, e 3 ] + [e 2 , [e 1; e 3 ]]; 

c2) [e, e] = p*d(e, e), where we use (•, •) to identify E = E*; 

c3) £ p(e) (ei,e 2 ) = (|e,ei],e 2 ) + (ei, [e,e 2 ]); 

c4) p(le 1 ,e 2 j) = [ P (e 1 ),p(e 2 )}; 

c5) [ei,/e 2 ] = /[ei,e 2 ] + (£ p(ei )/)e 2 . 

A Courant algebroid is denoted by the quadruple (•,■),[■,•], p), or simply by E if there is no 
risk of confusion. We use the notation E for the Courant algebroid (E, — (•, •), [•, •], p). 
We recall some properties of Courant algebroids for later use. First, c2) and c4) imply that 



where we identify E = E* via (•, •). On the other hand, given 1-forms (3,(3' € S1 1 (S'), we have 



To verify ([2]), it suffices to show that {{p*f3, P*(3'J, e) = 0, Ve € F(E), and this follows from c3) 
combined with c4) and ([I]). 

A subbundle A <Z E \s called an almost Dirac structure if it is Lagrangian with respect 
to (•, •) (i.e. both isotropic and coisotropic), and it is a Dirac structure if, in addition, it 
is integrable, that is, T(A) is closed under [•,•]. The restrictions of the anchor and Courant 
bracket to any Dirac structure A make it into a Lie algebroid. We denote the restricted bracket 
by [•, -]a '■= [•, •] |r(yi) • Pairs (E, A), where E is a Courant algebroid over S and A C E is a Dirac 
structure, are central objects in this paper. We refer to them as Manin pairs over 

Example 2.1 A Manin pair over a point is a pair [2], where is a 2n-dimensional Lie 

algebra equipped with an Ad-invariant inner product, and q C is a Lagrangian Lie subalgebra. 

Example 2.2 Let be a Manin pair (over a point) as in Example 12.11 Following [2], let 

D and G be connected Lie groups integrating d and q, and assume that G is a closed subgroup 
of D. Let S := D/G be the quotient with respect to right multiplication. Then the action of 
D on itself by left multiplication induces a Z)-action on S, called the dressing action. The 
pairing and bracket on i) give rise to a natural Courant algebroid structure on the trivial bundle 
ds '■= f x S over S [23] (c.f. [U Sec. 3]) for which the anchor is the infinitesimal dressing 
action T>s — ► TS. The subbundle Qs = Q x 5 defines a Dirac structure, i.e. (ftssfls) is a Manin 
pair over S. 

1 Lagrangian subbundles A C E exist if and only if the pairing (•, ■) has split signature (n, n). The results in 
this paper remain valid when A C E is only required to be maximal isotropic, in which case there is no signature 
requirement on {■,■). 



pop* =0, 



(1) 



[ P */W] = o. 



(2) 
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Example 2.3 Let TS := TS T*S, equipped with pairing {(v, a), (v',a')) = a'(v) + a(v'). A 
closed 3- form <ps G ^2 3 (5) defines the Courant bracket 

l(v,a),(v',a')] := ([v,v'],£ v a' - i v >da + i v >i v <f> s ), 

making TS a Courant algebroid with anchor given by the natural projection TS — > TS. When 
<ps = 0, we refer to this Courant structure on TS as standard. 

Let (E, A) be a Manin pair over S. Consider the exact sequence — > ^4 — > E — > E/A = A* — > 
0. We can always fix an isotropic splitting of this sequence, i.e., a splitting 

j:A*^E (3) 

whose image is isotropic (see e.g. [SI App- 2]). This defines a cobracket Fj : T(A) — > A 2 r(j4), a 
bundle map : ^4* — ► TM and a 3-tensor Xj £ r(A 3 j4) by 

= ([7'(6),i(6)],a), /4 =p°j, = ([i(6),j(6)],ife)>, (4) 

where a G T(^4), £i,£2>£3 G r(A*), making A into a Lie quasi-bialgebroid [TU EI] in such a 
way that E is naturally identified with the "double" Courant algebroid A® A* |21j . Equivalently, 
Fj and /0^» can be combined into a degree 1 derivation d&* ■ T(A'A) — > r(A ,+1 A) such that 
d A* = iXj, -]a and eU*Xj = 0. 

2.2 Dirac structures with support 

Definition 2.4 Given a Courant algebroid (E, (v)>[vl> P) over a manifold M and a sub- 
manifold i : Q <-^> M, a Dirac structure supported on Q (see [5j [25]) is a subbundle 
K C t*E = E\q such that E^ C E x is maximal isotropic for all x G Q and the following two 
conditions hold: 

dl) K is compatible with the anchor, that is, p{K) C TQ] 

d2) for any sections ei,e2 of E such that e\\Q, £2\Q G r(E), [ei,e2]|<2 G r(E). 

If only dl) is satisfied, we refer to an almost Dirac structure supported on Q. 

Remark 2.5 The Leibniz rule for Courant algebroids (condition c5)) shows that if e\ and e'i 
satisfy eijq = e^jg, then [e, ei]|<g = [e, ej]|Q for all e G T(E) with e|g in K. Hence it suffices 
to check d2) for a set of sections of E whose restrictions to Q locally generate K. 

Example 2.6 Let Q be a submanifold of M, and denote by NQ its normal bundle. We consider 
TM equipped with its standard Courant algebroid structure. Then the subbundle TQ © NQ C 
TM\q is a Dirac structure supported on Q. 

Example 2.7 Let X and X' be smooth manifolds, and let / : X — > X' be a smooth map. 
We consider the standard Courant algebroids TX and TX, and the product Courant algebroid 
E = TX' x TX over M = X' x X. Then 

I> := {((df(v),a), (v, f*a)) \ v G T^X and a G T* f{x) X' , x G X} (5) 

is a Dirac structure in E supported on Q = graph(/) C M. 
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If E, E' are Courant algebroids over X, X', then a Courant algebroid morphism between 
E and E' is a Dirac structure in E x E supported on graph(/), where / : X — > X' is a smooth 
map (see e.g. [5] and Remark 12. 12j) . 

We have the following natural correspondence. 

Proposition 2.8 Let f : Q M be an embedding and (p G f2 3 (M) 6e a closed 3-form. Let 
Dir(Q) denote the set of Dirac structures in TQ, integrable relative to f*4>, and Dir(M)/(Q) 
denote the set of Dirac structures in TM supported on f{Q), integrable relative to 4>. Then 
these sets are in bijection via the maps 

$ f : Dir(Q) -> Dir(M) /(Q) , $ f (L) m := {{df{u),(3) \ (u,/*/3) G L x }, 
25/ : Dir(M) /(Q) -» Dir(Q), 25/(L) x . := | (df(u),(3) G L /(x) }, 

which are inverses of one another. 

PROOF. Consider the injective bundle map ^ : TQ — > f*TM @ T*Q, ip(u,a) = (df(u),a), 
and the surjective bundle map p : f*TM -> f*TM T*Q, p(«,/0) = (v,f*/3). Then S/(L) = 
p~ l {ijj{L)) is a smooth vector bundle over f(Q), which one can directly check to be maximal 
isotropic. To verify integrability, consider sections (v, f3), (V, f3') of TM whose restrictions to 
f(Q) lie in $f(L). Let u, u' G T(TQ) be such that v|/(q) = df(u), v'\ftq\ = df(u'), and consider 
[K /?),(*/,/?')] = ([vUZ-V^ + w^. Then [v,v']\ f{Q) = df([u,u'}) G Tf(Q) and, 
similarly, f*C v (3' = C u f*f3', f*i v /df3 = i u >df*0, and f*(i V Av'4>) = iu/\u' f*<P- Using these relations 
and the integrability of L, it follows that \(v, (3), (v' , /?')] \f(Q) G $f(L). The map 25/ can be 
treated analogously. 

Finally, for L G Dir(M)j(Q), one can check that 3y ° = £ if and only if pr rM (L) C 

Tf(Q), which holds since L is supported on f(Q). Similarly, for L G Dir(Q), 25/ o $f(L) = L if 
and only if ker(d/) C TQ PI L, which holds since / is an embedding. □ 

2.3 Morphisms of Manin pairs 

Let (Ei, Aj) be a Manin pair over Si, % = 1, 2. We use the pairing in i£j to identify E^j A{ = A*, 
and denote by p^ : Ei — > j4* the natural projection. 

Definition 2.9 A morphism of Manin pairs (£i,^4i) — ► {Ei,Ai) is a Dirac structure K in 
x Ei with support on the graph of a smooth map J : S\ ^> S<i (i.e., a Courant algebroid 
morphism E\ —> E%), such that the image of K under the projection (pi,p2) '■ E\ xE% — > A\ x A\ 
is the graph of a bundle map A \ — > J*^. 

Composition of these morphisms is by definition composition of relations (see also Rem. 12.121 
where the morphisms are interpreted as maps, and the composition becomes just composition 
of maps). 

The next proposition gives a more explicit characterization of morphisms of Manin pairs. 

Proposition 2.10 Let (Ei,Ai) be a Manin pair over Si, i = 1,2, and let J : S\ — > S2 be a 
smooth map. A Dirac structure K in E\ x Ei with support on graph(J) is a morphism of 
Manin pairs (Ei,A\) — ► (E2, A2) if and only if 

i) KCiA 1 = {0}, 
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ii) K PI {A\ © J*E2) projects onto J*A 2 under the natural projection E\ © J*E 2 — ► J*E 2 . 

In other words, i) and ii) say that the projection E\®J*E 2 — > J*E 2 restricted to Kn(A\® J* 'E2) 
is an isomorphism onto J* A 2 . 

PROOF. Let us consider the projection p = (pi,p 2 ) : E\ x E 2 — > A\ x Ag, and let R = p{K) C 
A* © J*^- We must show that conditions i) and ii) are equivalent to R being the graph of a 
bundle map A\ — > J*A^, or, equivalently, that R projects isomorphically onto A\. 

The projection of an element r = p(k) G R on A\ is zero if and only if k G K fl (^4i x £'2)- In 
this case, r = if and only if its projection on A\ is zero, which is equivalent to the projection 
of k on E2 lying in A 2 . Hence R projects injectively on A\ if and only if ii) holds. If the 
projection of R on A\ is also onto, then i) must hold: given a G K n A\ and any ^ € A^, there 
is a &; G -K" with pi(A;) = £, and since -fT is isotropic, one has (£;, a) = £(a) = 0. This implies that 
a = 0. Conversely, a dimension count shows that the projection of R on A* is onto if and only 
if rank(X n (Ai x E 2 )) = rank(j42)> which follows from i) and ii). □ 

Example 2.11 Let Si,S 2 be manifolds and / : S± — > S2 a smooth map. Fix a closed 3-form 
4> G $1 3 (S , 2), and consider the Courant algebroids T5i, TS'2, with brackets defined by the 3-forms 
0, respectively (see Example I2.3[) . There is a natural Dirac structure -fT on TS\ x TS2 
supported on graph(/) (c.f. ([5|)), 

^ (a ,,/ (ai )) = {((x, /*/?), (d/ (x), /?)) 1 x g r^!, (3 g r; (:E) 52}. (6) 

Let Li C TSj be Dirac structures, so that (TS^Lj) is a Manin pair, i = 1,2. Then property i) 
in Prop. 12.101 amounts to the condition ker(d/) fl (TS\ fl Li) = {0}, whereas ii) says that / is 
a forward Dirac map [TT]. Hence -ftT defines a morphism of Manin pairs (TSi,L\) — > (TS , 2,-L2) 
if and only if / is a strong Dirac map as in [H [8] (see also Section I3.2p . More generally, one 
can fix a 2-form oj G il 2 (<Si), define the Courant bracket on TSi using f*4> + du} } and check that 
K {xJ{x)) = {((X,f*/3 - ixuj),(df(X),/3))\X G T x Si, G T* (x) S 2 } is still a Dirac structure. 
Then K defines a morphism of Manin pairs if and only if (/, uj) is a strong Dirac morphism as 
in [H Sec. 2.2]. 

Remark 2.12 (Super-geometric viewpoint) The notion of morphism of Manin pairs in 
Def. 12.91 has a natural interpretation in the framework of Gerstenhaber algebras, or equivalently 
in terms of odd Poisson structures, as we now briefly outline. 

As observed in [24], Manin pairs (E,A) are in one-to-one correspondence with principal Un- 
bundles P — > A*[l] (in the category of graded manifolds) equipped with a M. [2] -invariant Poisson 
structure on P of degree —1. A morphism between Pi — ► A\[V\ and P2 - > A\ [1] is clear in this 
context: it is an M[2]-equivariant Poisson map. When such morphisms are expressed in terms 
of the associated Manin pairs, one recovers Definition 12.91 

To see how this correspondence goes, given P — > A*[l], choose a trivialization of P to A*[l] x 
M[2], so that the algebra of functions on P becomes r(AA)[t], where t (the coordinate on K[2]) 
has degree 2. The Poisson structure on P amounts to a Gerstenhaber bracket on r(Ayl)[i]. 
By invariance, it descends to a Gerstenhaber bracket on T(AA), which defines a Lie algebroid 
structure on A. Fixing this Lie algebroid structure, the Gerstenhaber bracket on r(A-A)[i] is 
determined by [t,t] G T(A 3 A) and [t,a] G r(AA), for all a G AA. By setting \ [M] and 
dA* ■= [t, ■] ■ T(AM) -> r(A* _1 A), we define a Lie quasi-bialgebroid. We hence set E = A © A* 
to be the double Courant algebroid, so that (E, A) is a Manin pair. Different trivializations of 
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P amount to different choices of isotropic complements of A in P, so this procedure establishes 
the desired correspondence. 

This correspondence can also be viewed more instrinsically, without the choice of splittings or 
trivializations. 

First recall from [23] (concluding work of Vaintrob, Roytenberg [20] and Weinstein) that 
Courant algebroids E are equivalently described as degree 2 symplectic non-negatively graded 
manifolds M. equipped with a function of degree 3 satisfying {0,0} = (c.f. [22]). Dirac 
structures in E with support on a submanifold correspond to the Lagrangian submanifolds of 
M. on which the degree 3 function vanishes. This motivates the definition of morphism of 
Courant algebroids in Section 12.21 

The Manin pair associated with P — > A*\\] is obtained as follows. The Poisson structure on P 
is a function H on T*[2]P, quadratic on the fibres, of total degree 3 and such that {H, H} = 0. 
This function descends to the symplectic reduction Y = T* [2]P // iM.[2] at moment value 1, hence 
Y determines a Courant algebroid E (see [6] for more on the reduction of Courant algebroids 
from this perspective). The map Y — > A*[l] (which is a Lagrangian fibration) gives rise to a map 
E — > A*, whose kernel determines A C E, defining a Manin pair (P, A). Given Pi — > A\{1] and 
P2 — > A^ll] and a morphism tp : Pi — > P2, since tp is a Poisson map, its graph Tw, is coisotropic 
in Pi x P2 (where P2 is P2 with the opposite Poisson structure). Then the conormal bundle 
A^*[2]r^, is Lagrangian in T*[2](Pi x P2), and the function H coming from the Poisson structure 
on Pi x P2 vanishes on it. The reduction of iV*[2]r^, to the symplectic quotient Y\ x Y% defines 
a Lagrangian submanifold, which corresponds to the Dirac structure K of Definition 12.91 

3 Morphisms of Manin pairs and Hamiltonian spaces 
3.1 Hamiltonian spaces 

Let us consider a Manin pair (P, ^4) over a manifold S. The following is the main definition of 
this paper. 

Definition 3.1 A Hamiltonian space for (E,A) is a manifold X together with a morphism 
of Manin pairs (TX,TX) — ► (P, A), where TX is the standard Courant algebroid of X. 

Hamiltonian spaces are denoted by triples (X, J, K) (where the map J : X — > S and the Dirac 
structure K are as in Definition 12. 9p . and J is the moment map. 

A morphism between two Hamiltonian spaces (X, J, K) and (X' , J',K') is a smooth map 
f:X->X' such that J(x) = J'{f{x)), Mx G X, and T f o K = K' , where T f is defined in (0), 
Example 12.71 and o denotes composition of relations, i.e., 



see e.g. [TTJ[T5]. (Note that (f{x), J(x)) G graph(J').) The category of Hamiltonian spaces 
associated with the Manin pair (E,A) is denoted by A4(E,A). 
Notice that the projection TX x£^£ restricts to an isomorphism 



(K )( f ( x ),j( x )) 



{((«' ,a),e) I (u,a) G (TX') f(x) , e G E J(x) , 
and 3u G (TX) X s.t. u = df(u), ((u, f*(a')),e 



) e W(x,j(x))}, g X. 



K( x ,j( x) ) n ((TX © {0}), x E J{x) ) 



A J(x), Vx G X. 



(7) 
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Example 3.2 We present two examples of Hamiltonian spaces canonically associated with any 
pair (E, A) over S. Let A C S x S be the diagonal, and consider the subbundle K C (TS x E)\/± 
given by 

K (x , x) := {(0(a), -P),a + P*P) \ a E A x , f3 e (T*S) X } C (TS) X x E x , x G S. 

This is a Dirac structure in TS x E supported on A, and it defines a Hamiltonian space (X, J, K) 
for (E, A), where X = S and J = Id. Indeed, a direct check using ([T]) shows that K is isotropic, 
and a dimension count gives that it has maximal rank. Condition dl) in Def. l2.4l is a consequence 
of (H|) . To verify the integrability condition d2) , it suffices to consider sections of TS x E of the 
form 5= ((p(a),0),a), a G r(A), and /?= ((0, -0),p*0), (3 G ^(S), and check that 

M| A , [A^'IIa, [HJHagW, 

see Remark l2.51 The first case follows directly from c4). For the second case, ([2]) gives [/?, (3'\ = 0. 
For the last case, note that [a, 0j = ((0, — £ p ( a )/3), [a,p*/3J). It is immediate to check (using c4) 
and (H|)) that ([a, /?],/?') = 0, V/3'. On the other hand, using c3), for all a' we have 

([a,/?], a') = -ip(a')£p{a)P + />*/?]) = -ip(a')£p(a)P - (l a , a 'l,P*P) + £p(a)ip(a>)P = 0, 

since ([a, a'], p*(3) = i\p( a ),p(a')]P = ^p(o)V(o')^ ~ V(a')^p(a)/?- Hence ([a, /3]| A , r(if)) = 0, and 
since if is maximal isotropic, [a, /3]|a G r(if). 

Similarly, let i : O <S be an orbit of A (i.e., an integral leaf of p(A) C TS 1 ), and if C 
(TO x £)| graphW be given by K {xAx)) = {((p(a), -i*/3), a + p*/3) \ a G A x , G (T*S) X }. Then 
(X, J, if), where X = O and J = i, is a Hamiltonian space for (E, A). 

The definition of Hamiltonian space implies the following properties: 

Proposition 3.3 Let (X,J,K) be a Hamiltonian space for (E,A). Then: 

i) For any a G Ajr x \, there exists a unique u G T X X such that ((u,0),a) G Kr Xt j( x \\. More- 
over, this induces a Lie algebroid action px '■ J* A — > TX of A on J : X — > S (i.e., px is a 
smooth bundle map so that dJ(px(a) x ) = pifljix)) an d the induced map px '■ T(^4) — > 3t(X) 
preserves Lie brackets.) 

ii) For any a G T*X, there exists e G Eji x \ and u G T X X such that ((n, a),e) G Kr XjJ r x \y In 
addition, p* x (a x ) = if and only if e G Aj^, for x G X. 

Hi) Let A' be any complement of A in E, so that E = A A' . Let us identify A' with 
{((0, 0), (0, a')) | a' G A'} in TX x E. Then K D A' = {0}. 

Proof. The first assertion in i) follows from i) and ii) in Prop. 12.101 Note that px '■ J* A — > TX 
is defined by the inverse of ([7]) followed by projection on TX, so it is smooth, and it preserves 
brackets as a result of the integrability of K. The property dJ{px{o)) = p(a), a G ^4j( x ), is a 
direct consequence of dl) in Def. 12.41 

Consider the projection p : K — > T*X. Using ii) in Prop. 12.10^ one can deduce that ker(p) = 
K n (E x (TX © {0})) = A. A dimension count shows that p is surjective, so the first statement 
in ii) follows. For the second assertion, we consider the pairing of ((it, a), e) G K with elements 
of the form ((px(a),0),a), for a £ J*i (which are necessarily in K by definition of px), and 
use that A is maximal isotropic. 

Property Hi) is a direct consequence of ii) in Prop. [27TU1 and in A' = {0}. □ 
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3.2 Two different characterizations 



We now see how the intrinsic notion of Hamiltonian space for a Manin pair (E, A), discussed in 
Section [3.11 has more familiar incarnations once extra (noncanonical) choices are made. 

Quasi-Poisson geometry 

Let (E, A) be a Manin pair over S. The first possible noncanonical choice we consider is that of 
an isotropic splitting j as in ([3]) , defining a Lie quasi-bialgebroid structure on A with cobracket 
Fj : T(A) -> A 2 r(,4), bundle map fP A , : A* -> TM and 3-tensor Xj G T(A 3 ^) defined as in gj). 

Let (X,J,K) be a Hamiltonian space for the Manin pair (E,A). One can adapt the 
construction in [9] to show that, once j is fixed, one naturally obtains a bivector field 
H 3 X G X 2 (X) as follows. Conditions i) and ii) in Prop. 12.101 imply that, for all x G X, 
K(x,j(x)) n ((ri), x (A*) J(X) ) = {0}, i.e., 

n (tx e J*A*) = {o}, 

where J = Id x J : X — > graph(J) C X x S 1 . Hence J*ET is the graph of a skew-symmetric 
bundle map T*X J* A ^ TX ® J*A*, determined by an element G r(A 2 (TI J*A*)). 
The bivector field Ii x is the component of hP in T(A 2 TX): given a G (T*X) X , i a Tl x * s ^ ne onr y 
element in (TX) X satisfying 

((i a U x ,a),(0,-p* x a)) £ K {Xt j {x)) , (8) 

where px '■ J*A — > TX is the action map given in Prop. 13.31 part i), see [9]. We have the 
following alternative characterization of Tl x : 

Lemma 3.4 Viewing A* C E via j, we have that graph(H^) = K o A* , where o denotes 
composition of relations. 

PROOF. The composition of K/ X j/ X \\ and (A*)jr x \ gives 

(K o A*) x = {(it, a) € (TI), | 3 e G A} (a!) with ((«, a), e) G # (iB) j (ai)) }. 

This is a Lagrangian subspace of (TX T*X) X , so it suffices to show that graph(n^-) C K o A* 
pointwise. But this is a direct consequence of (jSJ). □ 

For an arbitrary Lie quasi-bialgebroid (A, F, x, PA* ) over S, there is a notion of Hamiltonian 
space (see e.g. [2]) defined by quadruples (X, H x , J, p x ), where X is a manifold, G 3L 2 (X), 
J : X — > S is a smooth map (the moment map), and : J*A — > TX is a Lie algebroid action, 
satisfying the following compatibility conditions: 

^[n x ,u x ] = Px (x), (9) 

£ px {a)Rx = Px(d*a), a G V(A), (10) 

ny* = Px ^„ (ii) 

where d* is the quasi-differential on T(AA) determined by F and p^*. These Hamiltonian 
spaces are also referred to as Hamiltonian quasi-Poisson spaces, and they form a category in 
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which morphisms between (X,Ux, J, px) and (X 1 , Hx'i J', Px ) are smooth equivariant maps 
f:X^X' such that fjl x = U x > and J'of = J, 

Given a Manin pair (E, A) together with a splitting j, we denote by A4j(E, A) the category of 
Hamiltonian spaces associated with the Lie quasi-bialgebroid (A, Fj , Xj , Pa*) defined by j. The 
following result generalizes [9l Thm. 4.1] and is proven similarly: 

Proposition 3.5 Given a Hamiltonian space (X, J, K) for (E, A) and a splitting j, then 
(X, U J X , J, px) is a Hamiltonian space for the Lie quasi-bialgebroid determined by j; conversely, 
given a Hamiltonian space (X, Ux,J, px) for a Lie quasi-bialgebroid (A, F,x, PA*), the bundle 

K := {{(px(a) + i a U x , a), (a, -p* x (a))) \ a G J*A, a G T*X} (12) 

over graph(J) makes (X, J,K) into a Hamiltonian space for (E,A), where E = A © A* is the 
double Courant algebroid. Moreover, these constructions define an isomorphism of Hamiltonian 
categories M(E, A) = Mj(E, A). 

Example 3.6 (Quasi-Poisson D/G-valued moment maps) If (E = ds,A = qs) is the 
Manin pair over S = D/G of Example 12.21 and if j is a splitting of the Manin pair (f,g) 
(i.e., \] = j(Q*) is an isotropic complement of q in d), then the Hamiltonian spaces in Mj(E, A) 
are exactly the Hamiltonian quasi-Poisson spaces with D/G- valued moment maps considered 
in [2] (c.f. [U Sec. 5]). For the canonical Hamiltonian space (S, Id, K) of Example 13.21 the 
associated bivector field given by Prop. [331 agrees with the one in [21 Sec. 3.5] (c.f. [HJ Sec. 5.1]); 
it is the bivector field determined by the Lie quasi-bialgebroid Qs, t)s C over S (c.f. [H], [HI 
App. 4]). 

Dirac geometry 

To define a second possible realization of the Hamiltonian category associated with a Manin 
pair (E, A), we assume that E is an exact Courant algebroid, i.e., that the sequence 

— > T*S E TS —> (13) 

is exact. One can always choose (in a noncanonical way) an isotropic splitting s : TS — ► E, 
which induces an identification of E with TS = TS © T*S, where the latter is equipped with 
the Courant algebroid structure of Example 12.31 with closed 3- form (j) s s G Q 3 (S) defined by 

s s(vi,V2,v 3 ) := <s(«i),[s(u2),a(«3)]>. (14) 

Under this identification, Ac E defines a Dirac structure L s s on S (with respect to (f>g), 

L s s = {(p(a),s*(a))\aeA}cTS. (15) 

We recall that there is a general notion of Hamiltonian space associated with any Dirac 
manifold (S, L$, 4>s) where we view S as the target of the moment map. These Hamiltonian 

spaces are given by smooth maps J : X — > S, where X is a manifold equipped with a Dirac 
structure Lx for which J is a strong Dirac map [TJ [TJ [8]; that is, J : X — > 5* is a forward 
Dirac map [11], Lx is integrable with respect to J*4>s, and the following transversality condition 
holds: ker(dJ) n (Lx H TX) = {0}. We denote such Hamiltonian spaces by triples (X,Lx, J)- 
A morphism between Hamiltonian spaces (X, Lx , J) and (X',Lx', J') is a forward Dirac map 
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/ : X — > X' such that J' o / = J, and the category of Hamiltonian spaces associated with S is 
denoted by M(S, Ls,<j>s)- 

Given a Manin pair (E, A) over a manifold S such that £7 is exact, and letting s : TS — ► 
E be an isotropic splitting of (I13p . we have the associated category of Hamiltonian spaces 
M S (E, A) := M(S, L s s ,(j) s s ). Let J := (Id, J) : I -* I x 5, and consider the maps #7 and 53 j 
from Prop. 12.81 (with Q = X, and M = X x S equipped with 3-form x 4> s s ). 

Theorem 3.7 Given a Hamiltonian space (X, Lx, J) for (S, L s s , <f>g), then (X, J,K = $j-(Lx)) 
is a Hamiltonian space for (E,A) and, given (X,J,K) a Hamiltonian space for (E,A), then 
(X, Lx = 23j(if ), J) is a Hamiltonian space for (S, L s s , (f> s s ). Moreover, these procedures establish 
an isomorphism of categories M. S (E, A) = Ai(E, A). 

PROOF. Given (X, Lx, J), we consider 

K := 3j(L x ) = {((«, a - J* (3), (dJ(u),f3)) | (u, a) G Lx, (3 G T*S}, (16) 

which is a Dirac structure in TX x TS supported on graph( J) (integrable with respect to x <fi%). 
In order to show that K defines a Hamiltonian space for the Manin pair (E, A) = (TS, L s s ), we 
must show that it satisfies conditions i) and ii) in Prop. 12.101 

To prove i), note that if ({u, 0), (0, 0)) G K, then (u,0) G L x n TX and u G ker(dJ). Hence 
u = since ker(dJ) n (L x D TX) = {0}. To prove ii), let ((u,0), (dJ{u), f3)) G if. Then 
(u, J*P) G and, since J is forward Dirac map, we have (dJ(u),j3) G L$- On the other hand, 
if (v,j3) G then, using that J : (X, Lx) — * (5, L5) is a forward Dirac map, there exists 
u G such that d,J(u) = v and (u,J*(3) G Lx- Thus, ((n, 0), (dJ(u),f3)) G if. 

Let now (X,J,K) be a Hamiltonian space for the Manin pair (E,A) = (TS,L S S ). Then 
Lx ■= 58j(if) is a Dirac structure on X (integrable with respect to J*(f> s s ). Explicitly, 

L x = {(u, a + J* 13) I ((«, q), {dJ{u),P)) G if}. (17) 

To see that J is a forward Dirac map, it suffices to show that L$ Q 3j(Lx) at each point J(x). 
So take (v,(3) G at J(x). By ii), there exists u G (TX) X such that ((u,0), (v, (3)) G if, 
with v = dJ(u). It follows from (fT7|) that (u,J*(3) G so (t>,/3) G $j(Lx)- It remains to 
check that ker(iiJ) n (L x n TX) = {0}. From flUD, we see that u G ker(dJ) n (L x n TX) if 
and only if there exists (3 G T*5 with ((«, — J* (3), (0,(3)) G if. Now notice that any element of 
the form ((0, — J* (3), (0,/?)) is in if (just check that the pairing of an element of this form with 
any element in if must vanish using that K is supported on the graph of J). It follows that 
((«,()), (0,0)) eK, hence u = by i). 

Finally, note that / : (X, Lx) — * (X' , Lx 1 ) is a forward Dirac map if and only if Lx 1 = TfoLx, 
and, in case J' o f = J, this is equivalent to if' = Tf o if. So morphisms in A4(E,A) and 
A4 S (E, A) are naturally identified. □ 

Example 3.8 (Dirac geometric .D/G-valued moment maps) When (E = T)s,A = g$) is 
the Manin pair over S = D/G of Example 12.21 and s is an isotropic splitting of (|13p , then the 
Hamiltonian spaces in M S (E, A) coincide with the ones considered in [U Sec. 4], and particular 
examples include the G- valued moment maps of [1] (c.f. [HOE]). For the canonical Hamiltonian 
space (S, Id, if) of Example 13.21 the associated Dirac structure on S induced by s is simply L s s 
given in (fT5j) ; the Dirac structure on a dressing g-orbit O is its presymplectic structure as a leaf 
of the Dirac manifold (S, L s s ). 
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3.3 Equivalence 

Let (E, A) be a Manin pair over a manifold S, and assume that E is an exact Courant algebroid. 
Let us fix both types of extra choices considered in Section [3.21 an isotropic splitting j : A* — > E 
(making A into a Lie quasi-algebroid (A, F, XiPA*) given by (JH)) as well as an identification 
E = TS © T*S, induced by s : TS — > E, where the Courant algebroid structure on TS is 
with respect to the 3- form <j>s given in (|14p . (We are simplifying the notations by omitting the 
dependence on j and s.) Under this identification, A C E defines a Dirac structure L$ on S 
(fl"5j) . whereas the subbundle A* C E (via j) defines a transverse almost Dirac structure Cs- 
As discussed in Section [372], each choice leads to a category of Hamiltonian spaces, denoted by 
Mj(E,A) and A4 S (E, A). Since Prop. [331 and Thm. I3~71 say that both categories are different 
realizations of the same category M(E, A), we immediately obtain: 

Theorem 3.9 There is an isomorphism of categories A4j(E,A) = M S (E,A) as follows: given 
a Hamiltonian space (X, Hx,J, px) f or the Lie quasi-bialgebroid (A,F,x, PA*)> then the triple 
(X, Lx, J) is a Hamiltonian space for the Dirac manifold (S,Ls,<fts)> where 

Lx ■= {(px(a) + i a U x , J*s*(a) + (Id - J*p*p* x )a) \ a € A, a £ T*X}, (18) 

with ~p = j*s : TS — > A. Conversely, given a Hamiltonian space (X, Lx, J) for (S, L$, (j>s)> then 
the composition of relations $j(Lx) o A* C TX defines a bivector field ILx £ X 2 (X), 

graph(II x ) =Z T (L x )oA\ (19) 

making (X, Ux,J, px) into a Hamiltonian quasi-Poisson space for (A,F,x, PA*)- 

Proof. The proof follows by combining the constructions identifying both categories Mj{E, A) 
and A4 S (E,A) with M(E,A): the expression for the Dirac structure (|18j) is obtained directly 
as QSj(-ftT), where K is given by (|12p . Conversely, the expression for the quasi-Poisson bivector 
field (|19p follows from Lemma 13.41 □ 

Let us denote by M(E,A) the subcategory of Ai(E,A) consisting of Hamiltonian spaces 
satisfying the additional condition that the natural projection of K on TX is onto. Then the 
isomorphism in Thm. [3791 restricts to an isomorphism of subcategories, 

Mj(E, A) M(E, A) M S (E, A), 

where Hamiltonian spaces (X, Ux,J, Px) m Mj(E,A) satisfy the extra condition TX = 
{px(a) + ia^-x I a € J*A, a € T*X}, and Hamiltonian spaces (X,Lx,J) in A4 S (E,A) are 
such that Lx = graph(wx) for a given 2-form lux £ Q 2 (X). 

Remark 3.10 The bivector field (|19|) admits another description, following [HE]. Using 
(I16p . the expression in (|19l) can be written explicitly as 

graphOlx)* = {(u,a - J*f3) £ {TX) X j {dJ{u),(3) € C s , (u,a) G L x }. 

On the other hand, as shown in pQ, the pull-back image (in the Dirac geometric sense |llj ) 
of Cs under J defines an almost Dirac structure Cx on X transverse to Lx- The splitting 
TX = Lx © Cx defines a Lie quasi-bialgebroid, and it naturally induces a bivector field n on 
X (see e.g. [H] or [SJ App. 4]). By [TJ Prop. 1.16], such n is given by 

graph(n) a: = {(it, a - J* (3) € (TX) X | (u, J*/3) G C x , (u,a) G L x }- 
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Since Cx is the pull-back of Cg, it immediately follows that graph (Tlx) Q graph (il). This 
implies that Tlx = n. 

Example 3.11 For the particular Manin pair (E = T)s, A = gg) over S = D/G of Example 12,21 
Thm. 13.91 recovers the equivalence proven in [HJ Sec. 6.3]; this result gives, as a special case, 
the equivalence between the two formulations of G-valued moment maps in [3] and [3] (see 
Sec. 10], P Sec. 5.4], Sec. 3.5] for proofs). 

3.4 Poisson algebras and moment map reduction 

Let (X, J, K) be a Hamiltonian space for a Manin pair (E, A) over S. Following Prop. 13.31 part 
i), let px denote the induced Lie algebroid action of A on J : X — > S. 
A function / £ C°°(A) is called admissible if there exists a vector field u/ € satisfying 

0) £%JW). VxGX (20) 

By z) in Prop. [2T0l is uniquely defined by condition (|20p . Since -fT is supported on graph(J), 
Uf satisfies dJ(iif)=0. It is simple to check that the set of admissible functions C°°(X) a ^ m is a 
subalgebra of C°°(X). We define a bracket on C°°(A) a d m by 

{f,9}:=£u,g- (21) 
Lemma 3.12 (C°°(X) a dm) {•, •}) a Poisson algebra. 

Proof. Let / and g be admissible functions. The fact that K is isotropic implies that df(u g ) = 
—dg(uf), i.e., {•, •} is skew-symmetric. Using the integrability of K with respect to the product 
Courant bracket on TX x E (condition d2) in Def. I2.4p . one can check that {f,g} is admissible; 
in fact, it{/, s } = [uf,u g ]. This last property also proves the Jacobi identity for {•, •}. □ 

Lemma 3.13 A function f satisfies £ px ( a )f = for all a £ Aj^ if and only if there exists 
u x £ (TX) X such that ((u x , {df) x ), 0) £ K^j^y 

Proof. Since ((px(a), 0), a) £ K, if we assume that ((u x , (df) x )0) £ Kt x jt x \\ and use that K 
is isotropic, it follows that df(px(a)) = £- Px ( a )f = 0- Conversely, suppose that £ px ( a )f = 0, 
a £ Aji x y From Prop. [3T3l part ii), there exists u' £ T X X, a' £ Aji x \ such that ((n', df), a') £ i^. 
Since ((p x (a'),0),a') £ -K"^, j^)) , we have that ((u x , (df) x ), 0) £ if^jr^)), for ^ = u'-p x (a'). □ 

A function / £ C°°(X) is called ^4-invariant if C px i a \f = 0, Va £ r(yl), and the set of all 
A-invariant functions is denoted by C°°(X) A . 

Proposition 3.14 A function f £ C co (X) is A-invariant if and only if it is admissible, and 
therefore C°°(X) A is a Poisson algebra. 

Proof. From Lemma 13.131 we know that / is A-invariant if and only if, at each x £ X, there 
exists u x £ (TX) X such that ((u x , (df) x ),Q) € Kr Xf jr x \y It remains to check that uj : X — > TX, 
x i— ► u x , is a smooth vector field. To see that, fix any vector subbundle A' C E such that 
E = A © A', which defines a projection p : — > T*X © J*A; note that p is injective since 
K n ((TX © {0}) x A') = {0} by ii) in Prop. 12.101 and it is onto by dimension count. Now Uf is 
defined by p~ 1 (df) followed by the projection K — > TX, so it is smooth. Hence C°°(X) A agrees 
with the algebra of admissible functions, so it is a Poisson algebra by Lemma 13.121 □ 



13 



Remark 3.15 We can fix an isotropic splitting j : A* — ► E, and let H^ be the associated 
quasi- Poisson bivector field on X. The vector field associated with / G C°°(X) A , constructed in 
Prop. [37T41 is Uf = idf^x * s independent of j). The canonical Poisson structure on C°°(X) A 
acquires a concrete expression in terms of H J X : for f,g G C°°(X) A , {/,<?} = H J x (df,dg). On 
the other hand, when I? is exact and a splitting s is fixed, X inherits a Dirac structure L x , 
and C 00 ^)" 4 is a Poisson subalgebra of its algebra of admissible functions (in the sense of |13j). 
characterized by functions / admitting a Hamiltonian vector field Uf satisfying dJ(uf) = 0. 

One can also perform moment map reduction for Hamiltonian spaces for Manin pairs (E,A): 

Proposition 3.16 Let (X,J,K) be a Hamiltonian space for a Manin pair (E,A) over S. Let 
O C S be an orbit of A (i.e., an integral leaf of the distribution p(A) C TS) such that J : X — > S 
is transverse to O. Then the A-action on X is tangent to the submanifold J (O) C X, and the 
space C°°( J _1 (0))^ of A-invariant functions on J _1 (0) inherits a Poisson bracket for which 
the restriction C°°(X) A -» C°°(J- X (0)) A is a Poisson map. 

Proof. From Prop. [3731 part i), we know that dJ(px(a)) = p(a) for all a € J* A. This shows 
that the yl-action is tangent to J _1 (C). Take / G C°°( J -1 (£>)) A , and let f be an arbitrary 
extension of / to X. We claim that there exists uj G X(J~ l (0)) satisfying the condition 

((up df) x ,0) G K, xeJ'^O). (22) 

(The condition determines uj uniquely by i) in Prop. 12.101 ) Indeed, recall from the proof of 
Prop. [37l4l that the projection K — > T* X © J* A induced by the choice of a complement A' of A in 
E is an isomorphism. So one can find uj G 3c(X) and a' G T(J*A') such that ((up df),a') G K. 
Since / is A-invariant, we have o!\j-iiq) = (by Lemma 13.131 and ii) in Prop. I2.10h . which 
implies that dJiuj) = over J~ l (0). Hence uj := Up\j-i(p^ is tangent to J~ l (0) and satisfies 

422). 

Given g G C 0O (J~ 1 (0)) A , with extension 5 to X, then i^T being isotropic implies that C u ~g = 
—C u ~f. As a result, the bracket {/, g) := £ u ~<7 = —C Ud f is well-defined, i.e., it only depends on 
/, g, and not on their extensions. To check the Jacobi identity, we use d2) in Def. 12.41 For a given 
extension / of / G C°°(J- l (0)) A , we can always find a section e G T({0} xB) = C°°(X x S, E) 
such that £j G r(TX x given at (x,y) £ X x S by ((up df) x , e^ x ^), satisfies (£j)| gr aph(j) £ ^ 
and e^j^.)) = if x G J~ 1 (C). From Remark 12.51 we see that the restriction of to the 

submanifold {(x,J(x)), x G J _1 (C)} gives (([upUg],£ u ~g),0) G K, which implies the Jacobi 

identity. Hence the algebra C°°(J^ 1 (C')) /l has a canonical Poisson bracket, and it is clear from 
the construction that the restriction C°°(X) A — > C°°(J~ 1 (C')) A is a Poisson map. □ 

Remark 3.17 When an isotropic splitting j of E is fixed, then the vector field uj in the proof 

Prop. [37161 is given by i d jli x , and the Poisson bracket on C°°( J~ 1 (C)) A can be computed by 

:= Iljf (cZ/, dsO|j-i(o) (one can also directly verify that this is independent of extensions 
and that it is a Poisson bracket by ([9|) and (|10p ). If E is an exact Courant algebroid, one can 
alternatively describe the Poisson algebra C°°(J _1 (C)) A via Dirac reduction, by identifying this 
algebra with the admissible functions of the pull-back image of L s x to J~ l (0), see [3 Sec. 4.4] 
(c.f [3 Sec. 6.4]). 
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4 Examples from Lie groupoids 



In this section, we consider examples of Manin pairs and Hamiltonian spaces arising from the 
theory of Lie groupoids. Specifically, we let (E, A) be a Manin pair over S, and take Q =4 S 
to be the source-simply connected Lie groupoid integrating A, viewed as a Lie algebroid (which 
we assume to be integrable). This groupoid may acquire different geometrical structures via 
integration: on the one hand, the choice of a splitting j as in ([3]) determines a bivector field 
II G 3L 2 (Q) making Q a quasi-Poisson groupoid [H] (integrating the Lie quasi-bialgebroid fl3J)); 
on the other hand, if E is exact and s is a splitting of (|13j) . then ^4 is identified with a Dirac 
structure L5 C TS which, according to [10J, integrates to a 2-form w G r2 2 (<7) making (? a 
presymplectic groupoid. The goal of this section is to establish a direct relationship between the 
two types of integration, II and oj, in the light of Thm. 13.91 

4.1 Multiplicative Dirac structures 

Let H Ho be a Lie groupoid, and let Q be an embedded subgroupoid of H, with inclusion 
homomorphism / : Q <— > (over /o : £/o ^ ^o)- We consider the associated tangent and 
cotangent Lie groupoids TH =4 Tft and T*H =4 A* (ft), see e.g. pj. We observe that there 
are also natural Lie groupoid structures on the pull-back bundles f*TH, f*T*H, and on the 
direct sums TH = TH © T*H, f*TH © f*T*H, and f*TH © T*£. 

An (almost) Dirac structure L on H supported on f{Q) is called multiplicative if L C f*TH 
is a subgroupoid, i.e., closed under multiplication and inversion. For Q = H, this unifies the usual 
notions of multiplicative bivector field (when L = graph(II), for II G X 2 (Q)) and multiplicative 
2-form (when L = graph(cj), for u> € (£/)), see e.g. [19] . 

Let us consider the map : Dir(C?) — » Dir(7Y)j(g) as defined in Prop. 12.81 (however, in the 
present situation, we may consider just almost Dirac structures). 

Lemma 4.1 If L C TQ is a multiplicative Dirac structure, then $f(L) C f*TH is a multiplica- 
tive Dirac structure supported on f(Q). 

Proof. As in the proof of Prop. 12.81 we consider the maps tp : TQ —* f*TH © T*Q, ip(u, a) = 
(df(u),a), and p : f*TH f*TH © T*Q, p(v,(3) = (v,f*f3). Since the maps df : TQ -> /*TW 
and d/* : f*T*H — ► T*£/ are groupoid morphisms, so are ^ and p. Hence $f(L) = p (ip(L)) C 
f*TH is a subgroupoid. □ 

Let us consider Lie groupoids £/ C/ 0) 7^0 > and a homomorphism J : Q ^> 1Z. Then 

f : Q ^> G X 1Z, g i-^ (g, J(g)) defines an embedded Lie subgroupoid. Let K be a multiplicative 
(almost) Dirac structure on H := Q x 7£ supported on /({?) = graph(J), i.e., K C T£/ © J*T7Z 
is a subgroupoid. Let C-ji C T7£ be a multiplicative almost Dirac structure on 1Z. 

Lemma 4.2 Assume that K and C-r satisfy the transversality condition (0© J*Cn) HK = {0} 
m T£/ © J*T1Z. Then the composition K o is a multiplicative almost Dirac structure on Q. 

Proof. Let prg : TQ © J*T7Z — > TC? denote the natural projection. The composition K o C^, 

(X o Cfc) p := {(«, a) G (TS) S | 3 ( w , (3) G (Ck) J(ff ) s.t. ((«, a), (v, 0)) G ^ (flj j( s) )}, g £ Q, 

can be written as pig((TQ © J*Cn) n if). Since both TC? © J*Cn and if are subgroupoids of 
TQ® J*TK, so is the intersection (TQ®J*C n )r\K. The transversality condition (0© J*C n )^K = 
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{0} in TQ © J*T1Z says that the restriction of prg to (TQ © J*Cn) n K is an isomorphism onto 
K o C*7j. Since dim((K o C7j,) s )=dim(£/) at all 5, it follows that (T£? © J*Cn) n if has constant 
rank, so it is a smooth vector bundle, and hence K o C-r. is a smooth vector bundle. Since pr^ 
is a groupoid morphism, K o is a subgroupoid of T(?. □ 

4.2 Presymplectic and quasi-Poisson groupoids 

We now resume the discussion about presymplectic and quasi-Poisson groupoids. Our set-up is 
a Manin pair over S for which the Courant algebroid is exact. We fix splittings j and s as in 
Section [3.21 so that, after identifications, we have the following situation: S is equipped with a 
Dirac structure Lg (integrable with respect to (f>s), Cs is an almost Dirac structure such that 
TS = Ls © Cs- Let us assume that Lg, viewed as a Lie algebroid, admits an integration to a 
Lie groupoid, and let Q z4 S be the source-simply-connected Lie groupoid integrating Ls, with 
source/target maps denoted by s,t, and inversion i : Q — ► Q. We know from |10j that, since 
Ls C TS is a Dirac structure, Q has a 2-form u making it into a presymplectic groupoid; on the 
other hand, since Ls, Cs define a Lie quasi-biagebroid, Q inherits a bivector field II making it 
a quasi-Poisson groupoid [14J. 

It results from (Q,u) being a presymplectic groupoid that J = (t, s) : Q — » S X S op is a strong 
Dirac map [1Q1I27], where S op is equipped with the Dirac structure L°<? := {(v, (3) \ (v, —0) G Ls} 
(integrable with respect to —(j>s)- In other words, {Q, graph(u;), J) is a Hamiltonian space for 
the Dirac manifold S x S op . The induced action pg oi A = Ls X on J : £ — > £ x S^p is 

v) = r g {u) - l g (v), u G {L s )t( 9 ), v G (^5 P ) S (<;), (23) 

where r g and l g denote right /left translations on Q (as well as their tangent maps). 

By Thm. 13.91 there is a bivector field Tig G 3i 2 {G) corresponding to u>, and making into 
a Hamiltonian quasi-Poisson space for the Lie quasi-bialgebroid determined by the pair A = 
L s x Lf, A* =Cs ® C£ p (with action d23J and moment map J). 

Theorem 4.3 T/ie quasi-Poisson bivector field Tig corresponding to lo via Thm. \3.£K agrees with 
the multiplicative bivector field H integrating the Lie quasi-bialgebroid determined by the splitting 
TS = L S (BC S - 

Proof. We denote by \ G T(A 3 Ls) the 3-tensor and by the quasi-differential on T(AL^) 
defined by the Lie quasi-bialgebroid TS = Ls © Cg. According to [HI Thm. 2.34], in order to 
prove that Tig = II, one must check that Tig is multiplicative, and that it satisfies 

(dj) r = -[Tlg,t*f}, and (d*a) r = -[TTg,a r ], (24) 

for all / G C°°(S) and a G T(L S ) (for £ G A fc (L s ), C is defined by (f% = r g ^ t{g) ), g G 

To show that Tig is multiplicative, note first that J = (t,s) : Q — > 5 x 5 is a groupoid 
morphism, where 7£ = 5 x S is viewed as the pair groupoid. Hence J = (Id, J) : £/ — ► H, where 
TL := Q y. 1Z, \s an embedding which is a groupoid morphism. If follows from Lemma l4. II that 
if := $j(Lg) is a multiplicative Dirac structure in T7i = TQ x T7£ supported on graph(J). 
Taking C-ji = C§ x Cg P (writing out the groupoid structure on T1Z, for 7Z = S x S the pair 
groupoid, one directly sees that C-ji is a multiplicative almost Dirac structure), it follows from 
Prop. [3T3l part Hi), and Lemma I4.2I that the composition K o C-^. C TQ is multiplicative. This 
implies that is multiplicative by (I19p . On the other hand, the conditions in (|24p follow 
directly from (|10p and (jlip (using the action (|23p ). □ 
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One can also verify, using (|9|), that = x r ~ x\ where (x l )g = lg(i{Xs(g)))^ m accor- 

dance with |14j . 

Thm. 13.91 provides an explicit construction going from presymplectic to quasi-Poisson 
groupoids (and vice- versa), thereby relating the two integration problems. In the particular 
case of a twisted symplectic groupoid (i.e., when oj is nondegenerate) , the Dirac structure L$ 
must be the graph of a bivector field [12] (i.e., it is a twisted Poisson structure in the sense of 
[26]). so we can take Cs to be TS. In this case, the quasi-Poisson bivector field constructed in 
Thm. [3791 is just the inverse of uj, and Thm. 14751 recovers [141 Prop. 4.5]. 
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